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Smooth Particle Hydrodynamic (SPH) modeling for jet [courtesy: Karen Wang]

One forward simulation:
• 10.1 million particles
• 1,440 processors
• 178 hours (7.4 days)

Choi, efficient NM-ROM
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number of 
time steps 

Approach: Data-driven physical simulation

<latexit sha1_base64="XKeGDl+v/fRpuFyyMWNN6Oe9hCY=">AAACFnicbVDLSsNAFJ34rPUVdekmWAQRLElB7LKgC5cV7APaUCaTm3boZBJnJkIJ/Qo3/oobF4q4FXf+jZM0i9p6YOBwzr137j1ezKhUtv1jrKyurW9slrbK2zu7e/vmwWFbRokg0CIRi0TXwxIY5dBSVDHoxgJw6DHoeOPrzO88gpA04vdqEoMb4iGnASVYaWlgXvQ9GFKewkOSK+fTcj/EakQwS280B+7PeQOzYlftHNYycQpSQQWaA/O770ckCYErwrCUPceOlZtioShhoOcnEmJMxngIPU05DkG6aX7W1DrVim8FkdCPKytX5ztSHEo5CT1dma0sF71M/M/rJSqouynlcaKAk9lHQcIsFVlZRpZPBRDFJppgIqje1SIjLDBROsmyDsFZPHmZtGtV57Jq39UqjXoRRwkdoxN0hhx0hRroFjVRCxH0hF7QG3o3no1X48P4nJWuGEXPEfoD4+sXIhuf7w==</latexit>

D

1. Collect data: solve FOM for 
2. Machine learning: build a reduced order model
3. Accelerate physical simulation,

<latexit sha1_base64="uK7XmwUpIA7pelXuB7tnU5Jcytw="></latexit>

µ 2 Dquery

<latexit sha1_base64="eik+dk28rB41d/q/4dVB/5H+66w="></latexit>
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 <latexit sha1_base64="rpJCmeByXUSFsqm5+Ydb5LzzYm4="></latexit> N
s • Principal component analysis

• Tucker decomposition
• Canonical Polyadic decomposition
• Autoencoder
• Generative adversarial network
• Gaussian processes

<latexit sha1_base64="tTKSzSJClNy6Up+4upE03Ddyp3k="></latexit>

µ 2 Dsample

Intrusive vs. non-intrusive
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Physics-constrained intrusivenessPhysics-constrained intrusiveness

Category of reduced order models via level of intrusiveness
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BB: Black-box 
approach

LS-ROM: Linear 
subspace ROM

NM-ROM: Nonlinear 
manifold ROM

Choi, efficient NM-ROM
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Black box approach, Deep Fluid: Nonlinear manifold learning*

*Kim, Byungsoo, et al. "Deep fluids: A generative network for parameterized fluid simulations." Computer Graphics Forum. Vol. 38. No. 2. 2019.

E(W) D(W)
<latexit sha1_base64="DlwvbKJ3xEYdDULk6b5o++t6DJw=">AAAB/XicbVDLSgMxFM34rPU1PnaCDBbBVZkRxO4suHHZgn1AZyiZTKYNzSRDklHqMLjyP9y4UMStXfkR7vwGf8JM24W2Hgg5nHMvOTl+TIlUtv1lLCwuLa+sFtaK6xubW9vmzm5T8kQg3ECcctH2ocSUMNxQRFHcjgWGkU9xyx9c5n7rBgtJOLtWwxh7EewxEhIElZa65r7bhyp1fU4DOYz0ld5mWdcs2WV7DGueOFNSuvgY1b8fDke1rvnpBhwlEWYKUShlx7Fj5aVQKIIozopuInEM0QD2cEdTBiMsvXScPrOOtRJYIRf6MGWN1d8bKYxknk1PRlD15ayXi/95nUSFFS8lLE4UZmjyUJhQS3Err8IKiMBI0aEmEAmis1qoDwVEShdW1CU4s1+eJ83TsnNWtut2qVoBExTAATgCJ8AB56AKrkANNAACd+ARPIMX4954Ml6Nt8nogjHd2QN/YLz/AHrcmkg=</latexit>

ŵ

<latexit sha1_base64="tuBa0JyZP9gkiNhvGy6z8zjJ2t0=">AAAB/3icbVBPS8MwHE3nv1mdTgUvXoJj4Gm0grjjQBCPE9wfWMdI03QLS5OSpMqoPfhVPOhBEa9e/Qje/Dam2w66+SDk8d7vR16eHzOqtON8W4WV1bX1jeKmvbVd2tkt7+23lUgkJi0smJBdHynCKCctTTUj3VgSFPmMdPzxRe53bolUVPAbPYlJP0JDTkOKkTbSoHzojZBOPV+wQE0ic6V3WTYwRsWpOVPAZeLOSaVR+kyql/ZTc1D+8gKBk4hwjRlSquc6se6nSGqKGclsL1EkRniMhqRnKEcRUf10mj+DVaMEMBTSHK7hVP29kaJI5enMZIT0SC16ufif10t0WO+nlMeJJhzPHgoTBrWAeRkwoJJgzSaGICypyQrxCEmEtanMNiW4i19eJu3TmntWc65NG3UwQxEcgWNwAlxwDhrgCjRBC2BwDx7BC3i1Hqxn6816n40WrPnOAfgD6+MHy6iZfA==</latexit>

ŵn
<latexit sha1_base64="D4Rz0Vh3WUNvXdXXKk4ZqgEgZ6w=">AAACA3icbVDLSsNAFJ34rPUVFVzoJlgEQSiJIHYjFNy4rGAf0IQwmUzaoZOZMDNRSgi48VfcuFBEBBf+hDuX/omTtgttPTDM4Zx7ufeeIKFEKtv+MubmFxaXlksr5dW19Y1Nc2u7JXkqEG4iTrnoBFBiShhuKqIo7iQCwziguB0MLgq/fYOFJJxdq2GCvRj2GIkIgkpLvrnn9qHK3IDTUA5j/WW3ee5n7NjJfbNiV+0RrFniTEilvvt97ry/JQ3f/HRDjtIYM4UolLLr2InyMigUQRTnZTeVOIFoAHu4qymDMZZeNrohtw61EloRF/oxZY3U3x0ZjGWxoa6MoerLaa8Q//O6qYpqXkZYkirM0HhQlFJLcasIxAqJwEjRoSYQCaJ3tVAfCoiUjq2sQ3CmT54lrZOqc1q1r3QaNTBGCeyDA3AEHHAG6uASNEATIHAHHsATeDbujUfjxXgdl84Zk54d8AfGxw++KZvd</latexit>

ŵn+1

latent space 
integrator

<latexit sha1_base64="eCeYslyccH4PuZEwl+tnfn9NnQY=">AAAB/XicbVDNSsNAGNz4W+tftN68BEvBU0kEsceCF48V7A80IWw2m3bp7ibsboQaghcfxIsHRbz6Bj6AN30An8AHcNP2oK0Dyw4z38fOTpBQIpVtfxhLyyura+uljfLm1vbOrrm335FxKhBuo5jGohdAiSnhuK2IoriXCAxZQHE3GJ0XfvcaC0lifqXGCfYYHHASEQSVlnzzwA1iGsox01fmsjT3M577ZtWu2xNYi8SZkWqzUrv7fvv6bPnmuxvGKGWYK0ShlH3HTpSXQaEIojgvu6nECUQjOMB9TTlkWHrZJH1u1bQSWlEs9OHKmqi/NzLIZBFQTzKohnLeK8T/vH6qooaXEZ6kCnM0fShKqaViq6jCConASNGxJhAJorNaaAgFREoXVtYlOPNfXiSdk7pzWrcvdRsNMEUJHIIjcAwccAaa4AK0QBsgcAPuwSN4Mm6NB+PZeJmOLhmznQr4A+P1B6cymm0=</latexit>µn

restore full state:
<latexit sha1_base64="vylJXJy8zBt6UxWyeI0yU/kcMtc=">AAACHXicbVDLSgMxFM3UV1tfo24EN8EiVIQyI4rdCEVduKxgH9ApJZNJ29BMZkgySh0Kfocb/8EvcONCERduRPBjzLRd2NYDIYdz7uXee9yQUaks69tIzc0vLC6lM9nlldW1dXNjsyqDSGBSwQELRN1FkjDKSUVRxUg9FAT5LiM1t3ee+LUbIiQN+LXqh6Tpow6nbYqR0lLLPHLcgHmy7+svvh20Yn5gD+ApvMg7XaTiSXds77fMnFWwhoCzxB6TXGn77idz/3RWbpmfjhfgyCdcYYakbNhWqJoxEopiRgZZJ5IkRLiHOqShKUc+kc14eN0A7mnFg+1A6McVHKp/O2Lky2RFXekj1ZXTXiL+5zUi1S42Y8rDSBGOR4PaEYMqgElU0KOCYMX6miAsqN4V4i4SCCsdaFaHYE+fPEuqhwX7uGBd6TSKYIQ02AG7IA9scAJK4BKUQQVg8ACewSt4Mx6NF+Pd+BiVpoxxzxaYgPH1C38npb0=</latexit>

wn+1 = D(ŵn+1)

decoderencoder

latent space

<latexit sha1_base64="Epr03TbpDNVLpsHI99VyUEzRMcM=">AAAB9XicbVDLSgMxFL3js9ZX1aUgg0VwVWYEsTsLbly2YB/QjiWTybShmWRIMkoZuvQf3LhQxK3brvwId36DP2Gm7UJbD4QczrmXnBw/ZlRpx/mylpZXVtfWcxv5za3tnd3C3n5DiURiUseCCdnykSKMclLXVDPSiiVBkc9I0x9cZX7zjkhFBb/Rw5h4EepxGlKMtJFuO75ggRpG5kqbo26h6JScCexF4s5I8fJjXPt+OBpXu4XPTiBwEhGuMUNKtV0n1l6KpKaYkVG+kygSIzxAPdI2lKOIKC+dpB7ZJ0YJ7FBIc7i2J+rvjRRFKotmJiOk+2rey8T/vHaiw7KXUh4nmnA8fShMmK2FnVVgB1QSrNnQEIQlNVlt3EcSYW2KypsS3PkvL5LGWck9Lzk1p1gpwxQ5OIRjOAUXLqAC11CFOmCQ8AjP8GLdW0/Wq/U2HV2yZjsH8AfW+w/msJcq</latexit>

W
<latexit sha1_base64="RNiBpXw+XrX6DShmFKILpbA/kuU=">AAAB/3icbVBPS8MwHE3nvzn/VQUvggSH4Gm0gribAy8eN3B/YC0jTdMtLG1Kkgqj9uDBL+LFgyIe58UP4c3P4Jcw3XbQzQchj/d+P/LyvJhRqSzryygsLa+srhXXSxubW9s75u5eS/JEYNLEnHHR8ZAkjEakqahipBMLgkKPkbY3vMr99i0RkvLoRo1i4oaoH9GAYqS01DMPHEWZT1LH48yXo1BfaTvLembZqlgTwEViz0j58mPc+H44Gtd75qfjc5yEJFKYISm7thUrN0VCUcxIVnISSWKEh6hPuppGKCTSTSf5M3iiFR8GXOgTKThRf2+kKJR5Nj0ZIjWQ814u/ud1ExVU3ZRGcaJIhKcPBQmDisO8DOhTQbBiI00QFlRnhXiABMJKV1bSJdjzX14krbOKfV6xGla5VgVTFMEhOAanwAYXoAauQR00AQZ34BE8gxfj3ngyXo236WjBmO3sgz8w3n8A6HGbEQ==</latexit>

W̃

Choi, efficient NM-ROM
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Results: Burgers’ equation* [with Youngkyu Kim, David Widemann, Tarek Zohdi]
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+ u
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<latexit sha1_base64="+/BSmQfJ7k7BgGtrIAHtXjvgMw0="></latexit>
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dt
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+

@2v

@y2

◆

<latexit sha1_base64="NOOo2o2GiiTQfs5RKQ6lfJHpruY="></latexit>

Re = 1/⌫ = 10, 000

<latexit sha1_base64="mIrckT+F3oMnXaOpY+GHeW8njkQ=">AAAB/HicbVDLSgMxFM3UV1tfo90IboJFcCE1I4J1IRTduKxiH9AOJZOmbWgmMyQZYRwq/okbF4q4ceGHuBP8GDNtF1o9cLmHc+4lN8cLOVMaoU8rMze/sLiUzeWXV1bX1u2NzboKIklojQQ8kE0PK8qZoDXNNKfNUFLse5w2vOF56jduqFQsENc6Dqnr475gPUawNlLHLlxReAqdg7aI0o72EUIdu4hKaAz4lzhTUqxs3X7l7t/Oqh37o90NSORToQnHSrUcFGo3wVIzwuko344UDTEZ4j5tGSqwT5WbjI8fwV2jdGEvkKaEhmP150aCfaVi3zOTPtYDNeul4n9eK9K9spswEUaaCjJ5qBdxqAOYJgG7TFKieWwIJpKZWyEZYImJNnnlTQjO7Jf/kvphyTkqnVyaNMpggizYBjtgDzjgGFTABaiCGiAgBg/gCTxbd9aj9WK9TkYz1nSnAH7Bev8GZKyU/w==</latexit>

method DeepFluid

max. rel. error (%) 38.6

speed-up 119

DeepFluid, uFOM, u

*Kim, Choi, Widemann, and Zohdi, ”Efficient nonlinear manifold reduced order model." Workshop on machine learning for engineering modeling, simulation and design 
@ NeurIPS 2020

Choi, efficient NM-ROM
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§ Governing equation:                                  ,

§ Solution approximation:  

§ Reduced system after Galerkin projection: 

§ Backward Euler time integrator:

Projection-based linear subspace reduced order model 

dw

dt
= f(w, t;µ)

<latexit sha1_base64="9snEn95O+kopoZzVBShtiPTEtCQ="></latexit><latexit sha1_base64="9snEn95O+kopoZzVBShtiPTEtCQ="></latexit><latexit sha1_base64="9snEn95O+kopoZzVBShtiPTEtCQ="></latexit><latexit sha1_base64="9snEn95O+kopoZzVBShtiPTEtCQ="></latexit>

dŵ

dt
= �Tf(wref +�ŵ, t;µ)

<latexit sha1_base64="QSIHavC6gW5y86u38l+wB0A/iHY="></latexit><latexit sha1_base64="QSIHavC6gW5y86u38l+wB0A/iHY="></latexit><latexit sha1_base64="QSIHavC6gW5y86u38l+wB0A/iHY="></latexit><latexit sha1_base64="QSIHavC6gW5y86u38l+wB0A/iHY="></latexit>

ns ⌧ Ns
<latexit sha1_base64="M5c/VPWFRRemnSsNqCbfwiRoJq0=">AAACFnicbVBNS8NAEN3Urxq/qh69LBZBBEvSix4LXnqSCvYDmhA222m7dLOJuxuhhP4KL/4VLx4U8Sre/Ddu0x5q64OBx3szzMwLE86Udpwfq7C2vrG5Vdy2d3b39g9Kh0ctFaeSQpPGPJadkCjgTEBTM82hk0ggUcihHY5upn77EaRisbjX4wT8iAwE6zNKtJGC0qUXwoCJDB7SXLmY2CJQ2OMc3wbK9kD0FrygVHYqTg68Stw5KaM5GkHp2+vFNI1AaMqJUl3XSbSfEakZ5TCxvVRBQuiIDKBrqCARKD/L35rgM6P0cD+WpoTGubo4kZFIqXEUms6I6KFa9qbif1431f1rP2MiSTUIOlvUTznWMZ5mhHtMAtV8bAihkplbMR0SSag2SdomBHf55VXSqlZcp+LeVcu1+jyOIjpBp+gcuegK1VAdNVATUfSEXtAbereerVfrw/qctRas+cwx+gPr6xcpmp9d</latexit><latexit sha1_base64="M5c/VPWFRRemnSsNqCbfwiRoJq0=">AAACFnicbVBNS8NAEN3Urxq/qh69LBZBBEvSix4LXnqSCvYDmhA222m7dLOJuxuhhP4KL/4VLx4U8Sre/Ddu0x5q64OBx3szzMwLE86Udpwfq7C2vrG5Vdy2d3b39g9Kh0ctFaeSQpPGPJadkCjgTEBTM82hk0ggUcihHY5upn77EaRisbjX4wT8iAwE6zNKtJGC0qUXwoCJDB7SXLmY2CJQ2OMc3wbK9kD0FrygVHYqTg68Stw5KaM5GkHp2+vFNI1AaMqJUl3XSbSfEakZ5TCxvVRBQuiIDKBrqCARKD/L35rgM6P0cD+WpoTGubo4kZFIqXEUms6I6KFa9qbif1431f1rP2MiSTUIOlvUTznWMZ5mhHtMAtV8bAihkplbMR0SSag2SdomBHf55VXSqlZcp+LeVcu1+jyOIjpBp+gcuegK1VAdNVATUfSEXtAbereerVfrw/qctRas+cwx+gPr6xcpmp9d</latexit><latexit sha1_base64="M5c/VPWFRRemnSsNqCbfwiRoJq0=">AAACFnicbVBNS8NAEN3Urxq/qh69LBZBBEvSix4LXnqSCvYDmhA222m7dLOJuxuhhP4KL/4VLx4U8Sre/Ddu0x5q64OBx3szzMwLE86Udpwfq7C2vrG5Vdy2d3b39g9Kh0ctFaeSQpPGPJadkCjgTEBTM82hk0ggUcihHY5upn77EaRisbjX4wT8iAwE6zNKtJGC0qUXwoCJDB7SXLmY2CJQ2OMc3wbK9kD0FrygVHYqTg68Stw5KaM5GkHp2+vFNI1AaMqJUl3XSbSfEakZ5TCxvVRBQuiIDKBrqCARKD/L35rgM6P0cD+WpoTGubo4kZFIqXEUms6I6KFa9qbif1431f1rP2MiSTUIOlvUTznWMZ5mhHtMAtV8bAihkplbMR0SSag2SdomBHf55VXSqlZcp+LeVcu1+jyOIjpBp+gcuegK1VAdNVATUfSEXtAbereerVfrw/qctRas+cwx+gPr6xcpmp9d</latexit><latexit sha1_base64="M5c/VPWFRRemnSsNqCbfwiRoJq0=">AAACFnicbVBNS8NAEN3Urxq/qh69LBZBBEvSix4LXnqSCvYDmhA222m7dLOJuxuhhP4KL/4VLx4U8Sre/Ddu0x5q64OBx3szzMwLE86Udpwfq7C2vrG5Vdy2d3b39g9Kh0ctFaeSQpPGPJadkCjgTEBTM82hk0ggUcihHY5upn77EaRisbjX4wT8iAwE6zNKtJGC0qUXwoCJDB7SXLmY2CJQ2OMc3wbK9kD0FrygVHYqTg68Stw5KaM5GkHp2+vFNI1AaMqJUl3XSbSfEakZ5TCxvVRBQuiIDKBrqCARKD/L35rgM6P0cD+WpoTGubo4kZFIqXEUms6I6KFa9qbif1431f1rP2MiSTUIOlvUTznWMZ5mhHtMAtV8bAihkplbMR0SSag2SdomBHf55VXSqlZcp+LeVcu1+jyOIjpBp+gcuegK1VAdNVATUfSEXtAbereerVfrw/qctRas+cwx+gPr6xcpmp9d</latexit>

w,f 2 RNs
<latexit sha1_base64="lgatcxGtO1gj+a7iZmHRlwokS0k="></latexit><latexit sha1_base64="lgatcxGtO1gj+a7iZmHRlwokS0k="></latexit><latexit sha1_base64="lgatcxGtO1gj+a7iZmHRlwokS0k="></latexit><latexit sha1_base64="lgatcxGtO1gj+a7iZmHRlwokS0k="></latexit>

w ⇡ w̃ = wref +�ŵ,
<latexit sha1_base64="W86U7BQfOoVQ3km72UacnxlllKc="></latexit><latexit sha1_base64="W86U7BQfOoVQ3km72UacnxlllKc="></latexit><latexit sha1_base64="W86U7BQfOoVQ3km72UacnxlllKc="></latexit><latexit sha1_base64="W86U7BQfOoVQ3km72UacnxlllKc="></latexit>

� 2 RNs⇥ns ,
<latexit sha1_base64="LidB7uZ1/vOlsSp49ue1ja8KQcE="></latexit><latexit sha1_base64="LidB7uZ1/vOlsSp49ue1ja8KQcE="></latexit><latexit sha1_base64="LidB7uZ1/vOlsSp49ue1ja8KQcE="></latexit><latexit sha1_base64="LidB7uZ1/vOlsSp49ue1ja8KQcE="></latexit>

�
<latexit sha1_base64="kxWkse+VJ1Ol9vbupB5TMKsPauI=">AAAB+nicbVC7TsMwFL3hWcorhZElokJiqhIWulGJhbEg+pCaqHIcp7Xq2JHtgKrQT2FhACFWBiY+go2/wWk7QMuRLB+dc698fMKUUaVd99taWV1b39gsbZW3d3b39u3KQVuJTGLSwoIJ2Q2RIoxy0tJUM9JNJUFJyEgnHF0WfueOSEUFv9XjlAQJGnAaU4y0kfp2xQ8Fi9Q4MVfuN4d00rerbs2dwlkm3pxULz4/bsCg2be//EjgLCFcY4aU6nluqoMcSU0xI5OynymSIjxCA9IzlKOEqCCfRp84J0aJnFhIc7h2purvjRwlqkhnJhOkh2rRK8T/vF6m43qQU55mmnA8eyjOmKOFU/TgRFQSrNnYEIQlNVkdPEQSYW3aKpsSvMUvL5P2Wc0z/NqtNuowQwmO4BhOwYNzaMAVNKEFGO7hEZ7hxXqwnqxX6202umLNdw7hD6z3H5KJllY=</latexit><latexit sha1_base64="sZ68GXRF8zLKQkdeQ675ZFEaDYI=">AAAB+nicbVC9TsMwGHT4LeUvhREJWVRITFXCQjcqsTC2Ev2RmqhyHKe16tiR7YCq0JHHYGEAIVaGTjwEG8/AS+C0HaDlJMunu++TzxckjCrtOF/Wyura+sZmYau4vbO7t2+XDlpKpBKTJhZMyE6AFGGUk6ammpFOIgmKA0bawfAq99u3RCoq+I0eJcSPUZ/TiGKkjdSzS14gWKhGsbkyrz6g455ddirOFHCZuHNSvvyYNL4fjif1nv3phQKnMeEaM6RU13US7WdIaooZGRe9VJEE4SHqk66hHMVE+dk0+hieGiWEkZDmcA2n6u+NDMUqT2cmY6QHatHLxf+8bqqjqp9RnqSacDx7KEoZ1ALmPcCQSoI1GxmCsKQmK8QDJBHWpq2iKcFd/PIyaZ1XXMMbTrlWBTMUwBE4AWfABRegBq5BHTQBBnfgETyDF+veerJerbfZ6Io13zkEf2C9/wCchJib</latexit><latexit sha1_base64="sZ68GXRF8zLKQkdeQ675ZFEaDYI=">AAAB+nicbVC9TsMwGHT4LeUvhREJWVRITFXCQjcqsTC2Ev2RmqhyHKe16tiR7YCq0JHHYGEAIVaGTjwEG8/AS+C0HaDlJMunu++TzxckjCrtOF/Wyura+sZmYau4vbO7t2+XDlpKpBKTJhZMyE6AFGGUk6ammpFOIgmKA0bawfAq99u3RCoq+I0eJcSPUZ/TiGKkjdSzS14gWKhGsbkyrz6g455ddirOFHCZuHNSvvyYNL4fjif1nv3phQKnMeEaM6RU13US7WdIaooZGRe9VJEE4SHqk66hHMVE+dk0+hieGiWEkZDmcA2n6u+NDMUqT2cmY6QHatHLxf+8bqqjqp9RnqSacDx7KEoZ1ALmPcCQSoI1GxmCsKQmK8QDJBHWpq2iKcFd/PIyaZ1XXMMbTrlWBTMUwBE4AWfABRegBq5BHTQBBnfgETyDF+veerJerbfZ6Io13zkEf2C9/wCchJib</latexit><latexit sha1_base64="eFztnCTm+YX9ewa4TGH1AAgaLS0=">AAAB+nicbVC7TsMwFL3hWcorhZHFokJiqhIWOlZiYSwSfUhNVTmO01p17Mh2QFXop7AwgBArX8LG3+C0GaDlSJaPzrlXPj5hypk2nvftbGxube/sVvaq+weHR8du7aSrZaYI7RDJpeqHWFPOBO0YZjjtp4riJOS0F05vCr/3QJVmUtybWUqHCR4LFjOCjZVGbi0IJY/0LLFXHrQnbD5y617DWwCtE78kdSjRHrlfQSRJllBhCMdaD3wvNcMcK8MIp/NqkGmaYjLFYzqwVOCE6mG+iD5HF1aJUCyVPcKghfp7I8eJLtLZyQSbiV71CvE/b5CZuDnMmUgzQwVZPhRnHBmJih5QxBQlhs8swUQxmxWRCVaYGNtW1Zbgr355nXSvGr7ld1691SzrqMAZnMMl+HANLbiFNnSAwCM8wyu8OU/Oi/PufCxHN5xy5xT+wPn8AdP8lE8=</latexit>

=<latexit sha1_base64="CwVyjB02L0U6UsLw8aeVaFkNTns=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdi1MY0YsLFMxFwgWcLs5GwyZnZ2mZkVwpInsLFQxNansPIh7HwbJ5dCE38Y+Pj/c5hzTpAIro3rfjsrq2vrG5u5rfz2zu7efuHgsKHjVDGss1jEqhVQjYJLrBtuBLYShTQKBDaD4fUkbz6g0jyWd2aUoB/RvuQhZ9RYq3bZLRTdkjsVWQZvDsWrz49bsKp2C1+dXszSCKVhgmrd9tzE+BlVhjOB43wn1ZhQNqR9bFuUNELtZ9NBx+TUOj0Sxso+acjU/d2R0UjrURTYyoiagV7MJuZ/WTs1YdnPuExSg5LNPgpTQUxMJluTHlfIjBhZoExxOythA6ooM/Y2eXsEb3HlZWiclzzLNbdYKcNMOTiGEzgDDy6gAjdQhTowQHiEZ3hx7p0n59V5m5WuOPOeI/gj5/0HRxqOug==</latexit><latexit sha1_base64="0C+dbJaj1Wmlk34grUjotrwejs4=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7NqYRAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrU6TyIex8Bl/CyaXQxB8GPv7/HOac48ecKe04X1ZmZXVtfSO7mdva3tndy+8f1FWUSIo1GvFINn2ikDOBNc00x2YskYQ+x4Y/uJ7kjXuUikXiVg9j9ELSEyxglGhjVS87+YJTdKayl8GdQ+HqY1z9fjgeVzr5z3Y3okmIQlNOlGq5Tqy9lEjNKMdRrp0ojAkdkB62DAoSovLS6aAj+9Q4XTuIpHlC21P3d0dKQqWGoW8qQ6L7ajGbmP9lrUQHJS9lIk40Cjr7KEi4rSN7srXdZRKp5kMDhEpmZrVpn0hCtblNzhzBXVx5GernRddw1SmUSzBTFo7gBM7AhQsoww1UoAYUEB7hGV6sO+vJerXeZqUZa95zCH9kvf8AURWQ/w==</latexit><latexit sha1_base64="0C+dbJaj1Wmlk34grUjotrwejs4=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7NqYRAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrU6TyIex8Bl/CyaXQxB8GPv7/HOac48ecKe04X1ZmZXVtfSO7mdva3tndy+8f1FWUSIo1GvFINn2ikDOBNc00x2YskYQ+x4Y/uJ7kjXuUikXiVg9j9ELSEyxglGhjVS87+YJTdKayl8GdQ+HqY1z9fjgeVzr5z3Y3okmIQlNOlGq5Tqy9lEjNKMdRrp0ojAkdkB62DAoSovLS6aAj+9Q4XTuIpHlC21P3d0dKQqWGoW8qQ6L7ajGbmP9lrUQHJS9lIk40Cjr7KEi4rSN7srXdZRKp5kMDhEpmZrVpn0hCtblNzhzBXVx5GernRddw1SmUSzBTFo7gBM7AhQsoww1UoAYUEB7hGV6sO+vJerXeZqUZa95zCH9kvf8AURWQ/w==</latexit><latexit sha1_base64="JJMX0h7my4EvW92N0eCZQWGx1lc=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7G9MEAjaWCZgPSI6wt5lL1uztHbt7QjjyC2wsFLH1J9n5b9wkV2jiCwsP78ywM2+QCK6N6347ha3tnd294n7p4PDo+KR8etbRcaoYtlksYtULqEbBJbYNNwJ7iUIaBQK7wfRuUe8+odI8lg9mlqAf0bHkIWfUWKtVH5YrbtVdimyCl0MFcjWH5a/BKGZphNIwQbXue25i/Iwqw5nAeWmQakwom9Ix9i1KGqH2s+Wic3JlnREJY2WfNGTp/p7IaKT1LApsZ0TNRK/XFuZ/tX5qwpqfcZmkBiVbfRSmgpiYLK4mI66QGTGzQJnidlfCJlRRZmw2JRuCt37yJnRuqp7llltp1PI4inABl3ANHtxCA+6hCW1ggPAMr/DmPDovzrvzsWotOPnMOfyR8/kDiI2Msw==</latexit> +
<latexit sha1_base64="L9nAk7JPKqnSf33J/GdF6qRWi58=">AAAB6HicbZBLSgNBEIZr4ivGV9Slm8YgCEKYcWOWATcuEzAPSIbQ06lJ2vT0DN09QhhyAjcuFHHrETyBZ3DnQdzbeSw08YeGj7+q6Ko/SATXxnW/nNza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0Pa237lFpHstbM07Qj+hA8pAzaqxVv+gVS27ZnYmsgreAUhW+3z8AoNYrfnb7MUsjlIYJqnXHcxPjZ1QZzgROCt1UY0LZiA6wY1HSCLWfzRadkDPr9EkYK/ukITP390RGI63HUWA7I2qGerk2Nf+rdVITVvyMyyQ1KNn8ozAVxMRkejXpc4XMiLEFyhS3uxI2pIoyY7Mp2BC85ZNXoXlZ9izXbRoVmCsPJ3AK5+DBFVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmGP3LefgABhY9I</latexit><latexit sha1_base64="KN7pBNxGoSm3nKW7/QfNaCt2Ry8=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQBCHs2pgyYCPYJGAukIQwOzmbjJmdXWZmhbDkCWwsFLH1EXwUSeOD2Du5FJr4w8DHf85hzvn9WHBtXPfLyaytb2xuZbdzO7t7+wf5w6O6jhLFsMYiEammTzUKLrFmuBHYjBXS0BfY8IfX03rjAZXmkbwzoxg7Ie1LHnBGjbWqF918wS26M5FV8BZQKMP3x2SSua1085/tXsSSEKVhgmrd8tzYdFKqDGcCx7l2ojGmbEj72LIoaYi6k84WHZMz6/RIECn7pCEz9/dESkOtR6FvO0NqBnq5NjX/q7USE5Q6KZdxYlCy+UdBIoiJyPRq0uMKmREjC5QpbnclbEAVZcZmk7MheMsnr0L9suhZrto0SjBXFk7gFM7Bgysoww1UoAYMEB7hGV6ce+fJeXXe5q0ZZzFzDH/kvP8AnxOQfQ==</latexit><latexit sha1_base64="KN7pBNxGoSm3nKW7/QfNaCt2Ry8=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQBCHs2pgyYCPYJGAukIQwOzmbjJmdXWZmhbDkCWwsFLH1EXwUSeOD2Du5FJr4w8DHf85hzvn9WHBtXPfLyaytb2xuZbdzO7t7+wf5w6O6jhLFsMYiEammTzUKLrFmuBHYjBXS0BfY8IfX03rjAZXmkbwzoxg7Ie1LHnBGjbWqF918wS26M5FV8BZQKMP3x2SSua1085/tXsSSEKVhgmrd8tzYdFKqDGcCx7l2ojGmbEj72LIoaYi6k84WHZMz6/RIECn7pCEz9/dESkOtR6FvO0NqBnq5NjX/q7USE5Q6KZdxYlCy+UdBIoiJyPRq0uMKmREjC5QpbnclbEAVZcZmk7MheMsnr0L9suhZrto0SjBXFk7gFM7Bgysoww1UoAYMEB7hGV6ce+fJeXXe5q0ZZzFzDH/kvP8AnxOQfQ==</latexit><latexit sha1_base64="wv9RQE9RlrU+NiqBJV0J/l0kIUs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSeGmPBS8eW7Af0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLW9s7tX3C8dHB4dn5RPzzo6ThXDNotFrHoB1Si4xLbhRmAvUUijQGA3mN4t6t0nVJrH8sHMEvQjOpY85Iwaa7VuhuWKW3WXIpvg5VCBXM1h+WswilkaoTRMUK37npsYP6PKcCZwXhqkGhPKpnSMfYuSRqj9bLnonFxZZ0TCWNknDVm6vycyGmk9iwLbGVEz0eu1hflfrZ+asO5nXCapQclWH4WpICYmi6vJiCtkRswsUKa43ZWwCVWUGZtNyYbgrZ+8CZ3bqme55VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9yPn8AbUWMoQ==</latexit>

Choi, efficient NM-ROM

ŵn = ŵn�1 +�t�Tf(wref +�ŵ, t;µ)
<latexit sha1_base64="BTR2PpC3A2265SY1WYgHSIf10qc="></latexit><latexit sha1_base64="BTR2PpC3A2265SY1WYgHSIf10qc="></latexit><latexit sha1_base64="BTR2PpC3A2265SY1WYgHSIf10qc="></latexit><latexit sha1_base64="BTR2PpC3A2265SY1WYgHSIf10qc="></latexit>

😡 Scales with FOM size: RNs
<latexit sha1_base64="Ia4j9FRm1bNxiEvMxOzL9gO853c=">AAACG3icbVDLSsNAFJ34rPUVdekmWARxUZJudFl040qq2Ae0MUwmt+3QySTOTIQS+h9u/BU3LhRxJbjwb5ykWdTWAwOHc8+9c+/xY0alsu0fY2l5ZXVtvbRR3tza3tk19/ZbMkoEgSaJWCQ6PpbAKIemoopBJxaAQ59B2x9dZvX2IwhJI36nxjG4IR5w2qcEKy15Zq3nw4DyFB6SXDmdlHshVkPfT28n9+m1J7UAPJgxeGbFrto5rEXiFKSCCjQ886sXRCQJgSvCsJRdx46Vm2KhKGGg5ycSYkxGeABdTTkOQbppftvEOtZKYPUjoR9XVq7OdqQ4lHIc+tqZ7S3na5n4X62bqP65m1IeJwo4mX7UT5ilIisLygqoAKLYWBNMBNW7WmSIBSZKx1nWITjzJy+SVq3q2FXnplapXxRxlNAhOkInyEFnqI6uUAM1EUFP6AW9oXfj2Xg1PozPqXXJKHoO0B8Y379p1aI/</latexit><latexit sha1_base64="Ia4j9FRm1bNxiEvMxOzL9gO853c=">AAACG3icbVDLSsNAFJ34rPUVdekmWARxUZJudFl040qq2Ae0MUwmt+3QySTOTIQS+h9u/BU3LhRxJbjwb5ykWdTWAwOHc8+9c+/xY0alsu0fY2l5ZXVtvbRR3tza3tk19/ZbMkoEgSaJWCQ6PpbAKIemoopBJxaAQ59B2x9dZvX2IwhJI36nxjG4IR5w2qcEKy15Zq3nw4DyFB6SXDmdlHshVkPfT28n9+m1J7UAPJgxeGbFrto5rEXiFKSCCjQ886sXRCQJgSvCsJRdx46Vm2KhKGGg5ycSYkxGeABdTTkOQbppftvEOtZKYPUjoR9XVq7OdqQ4lHIc+tqZ7S3na5n4X62bqP65m1IeJwo4mX7UT5ilIisLygqoAKLYWBNMBNW7WmSIBSZKx1nWITjzJy+SVq3q2FXnplapXxRxlNAhOkInyEFnqI6uUAM1EUFP6AW9oXfj2Xg1PozPqXXJKHoO0B8Y379p1aI/</latexit><latexit sha1_base64="Ia4j9FRm1bNxiEvMxOzL9gO853c=">AAACG3icbVDLSsNAFJ34rPUVdekmWARxUZJudFl040qq2Ae0MUwmt+3QySTOTIQS+h9u/BU3LhRxJbjwb5ykWdTWAwOHc8+9c+/xY0alsu0fY2l5ZXVtvbRR3tza3tk19/ZbMkoEgSaJWCQ6PpbAKIemoopBJxaAQ59B2x9dZvX2IwhJI36nxjG4IR5w2qcEKy15Zq3nw4DyFB6SXDmdlHshVkPfT28n9+m1J7UAPJgxeGbFrto5rEXiFKSCCjQ886sXRCQJgSvCsJRdx46Vm2KhKGGg5ycSYkxGeABdTTkOQbppftvEOtZKYPUjoR9XVq7OdqQ4lHIc+tqZ7S3na5n4X62bqP65m1IeJwo4mX7UT5ilIisLygqoAKLYWBNMBNW7WmSIBSZKx1nWITjzJy+SVq3q2FXnplapXxRxlNAhOkInyEFnqI6uUAM1EUFP6AW9oXfj2Xg1PozPqXXJKHoO0B8Y379p1aI/</latexit><latexit sha1_base64="Ia4j9FRm1bNxiEvMxOzL9gO853c=">AAACG3icbVDLSsNAFJ34rPUVdekmWARxUZJudFl040qq2Ae0MUwmt+3QySTOTIQS+h9u/BU3LhRxJbjwb5ykWdTWAwOHc8+9c+/xY0alsu0fY2l5ZXVtvbRR3tza3tk19/ZbMkoEgSaJWCQ6PpbAKIemoopBJxaAQ59B2x9dZvX2IwhJI36nxjG4IR5w2qcEKy15Zq3nw4DyFB6SXDmdlHshVkPfT28n9+m1J7UAPJgxeGbFrto5rEXiFKSCCjQ886sXRCQJgSvCsJRdx46Vm2KhKGGg5ycSYkxGeABdTTkOQbppftvEOtZKYPUjoR9XVq7OdqQ4lHIc+tqZ7S3na5n4X62bqP65m1IeJwo4mX7UT5ilIisLygqoAKLYWBNMBNW7WmSIBSZKx1nWITjzJy+SVq3q2FXnplapXxRxlNAhOkInyEFnqI6uUAM1EUFP6AW9oXfj2Xg1PozPqXXJKHoO0B8Y379p1aI/</latexit>
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Successful applications of linear subspace ROM

Kinematic dofs: 14,739
Energy dofs: 4,096
Wall-clock time: 191 sec

Sedov blast

Position:  2.2e-5
Velocity: 2.2e-4
Energy  : 2.3e-4
Speedup: 22.8

Kinematic dofs: 14,739
Energy dofs: 4,096
Wall-clock time: 170 sec

Taylor–Green

Position:  1.8e-8
Velocity: 1.1e-6
Energy  : 1.0e-7
Speedup: 31.2

Kinematic dofs: 38,475
Energy dofs: 10,752
Wall-clock time: 122 sec

Triple-point problem

Position:  3.1e-5
Velocity: 8.1e-4
Energy  : 2.8e-4
Speedup: 87.8

Relative error & speedup Relative error & speedup Relative error & speedup

Kinematic dofs: 8,514
Energy dofs: 4,096
Wall-clock time: 127 sec

Rayleigh–Taylor

Position:  5.3e-5
Velocity: 7.8e-3
Energy  : 243e-5
Speedup: 14.6

Relative error & speedup
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Speedup increases as problem size increases

103 104 105
100

101

Kinematic dofs: 594
Energy dofs: 256

Kinematic dofs: 33,410
Energy dofs: 16,384
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Robustness of a local ROM in extrapolation: Sedov blast

0 0.1 0.2 0.3 0.4 0.5
10-6

10-4

10-2

base point

(Blast energy variation)

+ Allows a fast gradient computation!
+ Easy to increase the size of the 

parameter space
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Greedy algorithm

Set parameter space: Blast energy [0.075, 1.25]

Blast energy: 0.075 Blast energy: 1.25

Goal: find an optimal set of local ROMs 
whose overall accuracy is less than 0.03. 

Error indicator: cheap to compute but a 
good indicator for error measure

0 0.2 0.4 0.6 0.8 1 1.2
10-4

10-3

10-2
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Linear subspace ROM for hydrodynamics
§ Paper: Copeland, Cheung, Huynh, Choi, “Reduced order models for Lagrangian

hydrodynamics” arXiv preprint, arXiv:2014.11404, 2021.

§ Software: 
— libROM (library for reduced order models):  https://github.com/LLNL/libROM
— Laghos (physics solver for hydrodynamics): https://github.com/CEED/Laghos/tree/rom

§ Webpage for libROM under construction § libROM YouTube tutorial under production
– https://youtu.be/YaZPtlbGay4

https://github.com/LLNL/libROM
https://github.com/CEED/Laghos/tree/rom
https://youtu.be/YaZPtlbGay4
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method LS-ROM

max. rel. error (%) 34.4

speed-up 26.8

LS-ROM, uFOM, u

@u

dt
+ u

@u

@x
+ v

@u

@y
= ⌫

✓
@2u

@x2
+

@2u

@y2

◆

<latexit sha1_base64="+/BSmQfJ7k7BgGtrIAHtXjvgMw0="></latexit>

@v

dt
+ u

@v

@x
+ v

@v

@y
= ⌫

✓
@2v

@x2
+

@2v

@y2

◆

<latexit sha1_base64="NOOo2o2GiiTQfs5RKQ6lfJHpruY="></latexit>

Re = 1/⌫ = 10, 000

<latexit sha1_base64="mIrckT+F3oMnXaOpY+GHeW8njkQ=">AAAB/HicbVDLSgMxFM3UV1tfo90IboJFcCE1I4J1IRTduKxiH9AOJZOmbWgmMyQZYRwq/okbF4q4ceGHuBP8GDNtF1o9cLmHc+4lN8cLOVMaoU8rMze/sLiUzeWXV1bX1u2NzboKIklojQQ8kE0PK8qZoDXNNKfNUFLse5w2vOF56jduqFQsENc6Dqnr475gPUawNlLHLlxReAqdg7aI0o72EUIdu4hKaAz4lzhTUqxs3X7l7t/Oqh37o90NSORToQnHSrUcFGo3wVIzwuko344UDTEZ4j5tGSqwT5WbjI8fwV2jdGEvkKaEhmP150aCfaVi3zOTPtYDNeul4n9eK9K9spswEUaaCjJ5qBdxqAOYJgG7TFKieWwIJpKZWyEZYImJNnnlTQjO7Jf/kvphyTkqnVyaNMpggizYBjtgDzjgGFTABaiCGiAgBg/gCTxbd9aj9WK9TkYz1nSnAH7Bev8GZKyU/w==</latexit>

Numerical result: 2D viscous Burgers equation (advection-dominated)

Choi, efficient NM-ROM
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Nonlinear manifold reduced order models
Goal: exploit data to build nonlinear manifold solution representation that achieves much 
better accuracy and robustness than linear subspace-based reduced order model

§ Governing equation:                                  ,

§ Solution approximation:  

where                                  defines a nonlinear manifold from reduced to full state

§ The over-determined system: 

dw

dt
= f(w, t;µ)

<latexit sha1_base64="9snEn95O+kopoZzVBShtiPTEtCQ="></latexit><latexit sha1_base64="9snEn95O+kopoZzVBShtiPTEtCQ="></latexit><latexit sha1_base64="9snEn95O+kopoZzVBShtiPTEtCQ="></latexit><latexit sha1_base64="9snEn95O+kopoZzVBShtiPTEtCQ="></latexit>

ns ⌧ Ns
<latexit sha1_base64="M5c/VPWFRRemnSsNqCbfwiRoJq0=">AAACFnicbVBNS8NAEN3Urxq/qh69LBZBBEvSix4LXnqSCvYDmhA222m7dLOJuxuhhP4KL/4VLx4U8Sre/Ddu0x5q64OBx3szzMwLE86Udpwfq7C2vrG5Vdy2d3b39g9Kh0ctFaeSQpPGPJadkCjgTEBTM82hk0ggUcihHY5upn77EaRisbjX4wT8iAwE6zNKtJGC0qUXwoCJDB7SXLmY2CJQ2OMc3wbK9kD0FrygVHYqTg68Stw5KaM5GkHp2+vFNI1AaMqJUl3XSbSfEakZ5TCxvVRBQuiIDKBrqCARKD/L35rgM6P0cD+WpoTGubo4kZFIqXEUms6I6KFa9qbif1431f1rP2MiSTUIOlvUTznWMZ5mhHtMAtV8bAihkplbMR0SSag2SdomBHf55VXSqlZcp+LeVcu1+jyOIjpBp+gcuegK1VAdNVATUfSEXtAbereerVfrw/qctRas+cwx+gPr6xcpmp9d</latexit><latexit sha1_base64="M5c/VPWFRRemnSsNqCbfwiRoJq0=">AAACFnicbVBNS8NAEN3Urxq/qh69LBZBBEvSix4LXnqSCvYDmhA222m7dLOJuxuhhP4KL/4VLx4U8Sre/Ddu0x5q64OBx3szzMwLE86Udpwfq7C2vrG5Vdy2d3b39g9Kh0ctFaeSQpPGPJadkCjgTEBTM82hk0ggUcihHY5upn77EaRisbjX4wT8iAwE6zNKtJGC0qUXwoCJDB7SXLmY2CJQ2OMc3wbK9kD0FrygVHYqTg68Stw5KaM5GkHp2+vFNI1AaMqJUl3XSbSfEakZ5TCxvVRBQuiIDKBrqCARKD/L35rgM6P0cD+WpoTGubo4kZFIqXEUms6I6KFa9qbif1431f1rP2MiSTUIOlvUTznWMZ5mhHtMAtV8bAihkplbMR0SSag2SdomBHf55VXSqlZcp+LeVcu1+jyOIjpBp+gcuegK1VAdNVATUfSEXtAbereerVfrw/qctRas+cwx+gPr6xcpmp9d</latexit><latexit sha1_base64="M5c/VPWFRRemnSsNqCbfwiRoJq0=">AAACFnicbVBNS8NAEN3Urxq/qh69LBZBBEvSix4LXnqSCvYDmhA222m7dLOJuxuhhP4KL/4VLx4U8Sre/Ddu0x5q64OBx3szzMwLE86Udpwfq7C2vrG5Vdy2d3b39g9Kh0ctFaeSQpPGPJadkCjgTEBTM82hk0ggUcihHY5upn77EaRisbjX4wT8iAwE6zNKtJGC0qUXwoCJDB7SXLmY2CJQ2OMc3wbK9kD0FrygVHYqTg68Stw5KaM5GkHp2+vFNI1AaMqJUl3XSbSfEakZ5TCxvVRBQuiIDKBrqCARKD/L35rgM6P0cD+WpoTGubo4kZFIqXEUms6I6KFa9qbif1431f1rP2MiSTUIOlvUTznWMZ5mhHtMAtV8bAihkplbMR0SSag2SdomBHf55VXSqlZcp+LeVcu1+jyOIjpBp+gcuegK1VAdNVATUfSEXtAbereerVfrw/qctRas+cwx+gPr6xcpmp9d</latexit><latexit sha1_base64="M5c/VPWFRRemnSsNqCbfwiRoJq0=">AAACFnicbVBNS8NAEN3Urxq/qh69LBZBBEvSix4LXnqSCvYDmhA222m7dLOJuxuhhP4KL/4VLx4U8Sre/Ddu0x5q64OBx3szzMwLE86Udpwfq7C2vrG5Vdy2d3b39g9Kh0ctFaeSQpPGPJadkCjgTEBTM82hk0ggUcihHY5upn77EaRisbjX4wT8iAwE6zNKtJGC0qUXwoCJDB7SXLmY2CJQ2OMc3wbK9kD0FrygVHYqTg68Stw5KaM5GkHp2+vFNI1AaMqJUl3XSbSfEakZ5TCxvVRBQuiIDKBrqCARKD/L35rgM6P0cD+WpoTGubo4kZFIqXEUms6I6KFa9qbif1431f1rP2MiSTUIOlvUTznWMZ5mhHtMAtV8bAihkplbMR0SSag2SdomBHf55VXSqlZcp+LeVcu1+jyOIjpBp+gcuegK1VAdNVATUfSEXtAbereerVfrw/qctRas+cwx+gPr6xcpmp9d</latexit>

w,f 2 RNs
<latexit sha1_base64="lgatcxGtO1gj+a7iZmHRlwokS0k="></latexit><latexit sha1_base64="lgatcxGtO1gj+a7iZmHRlwokS0k="></latexit><latexit sha1_base64="lgatcxGtO1gj+a7iZmHRlwokS0k="></latexit><latexit sha1_base64="lgatcxGtO1gj+a7iZmHRlwokS0k="></latexit>

=<latexit sha1_base64="CwVyjB02L0U6UsLw8aeVaFkNTns=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdi1MY0YsLFMxFwgWcLs5GwyZnZ2mZkVwpInsLFQxNansPIh7HwbJ5dCE38Y+Pj/c5hzTpAIro3rfjsrq2vrG5u5rfz2zu7efuHgsKHjVDGss1jEqhVQjYJLrBtuBLYShTQKBDaD4fUkbz6g0jyWd2aUoB/RvuQhZ9RYq3bZLRTdkjsVWQZvDsWrz49bsKp2C1+dXszSCKVhgmrd9tzE+BlVhjOB43wn1ZhQNqR9bFuUNELtZ9NBx+TUOj0Sxso+acjU/d2R0UjrURTYyoiagV7MJuZ/WTs1YdnPuExSg5LNPgpTQUxMJluTHlfIjBhZoExxOythA6ooM/Y2eXsEb3HlZWiclzzLNbdYKcNMOTiGEzgDDy6gAjdQhTowQHiEZ3hx7p0n59V5m5WuOPOeI/gj5/0HRxqOug==</latexit><latexit sha1_base64="0C+dbJaj1Wmlk34grUjotrwejs4=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7NqYRAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrU6TyIex8Bl/CyaXQxB8GPv7/HOac48ecKe04X1ZmZXVtfSO7mdva3tndy+8f1FWUSIo1GvFINn2ikDOBNc00x2YskYQ+x4Y/uJ7kjXuUikXiVg9j9ELSEyxglGhjVS87+YJTdKayl8GdQ+HqY1z9fjgeVzr5z3Y3okmIQlNOlGq5Tqy9lEjNKMdRrp0ojAkdkB62DAoSovLS6aAj+9Q4XTuIpHlC21P3d0dKQqWGoW8qQ6L7ajGbmP9lrUQHJS9lIk40Cjr7KEi4rSN7srXdZRKp5kMDhEpmZrVpn0hCtblNzhzBXVx5GernRddw1SmUSzBTFo7gBM7AhQsoww1UoAYUEB7hGV6sO+vJerXeZqUZa95zCH9kvf8AURWQ/w==</latexit><latexit sha1_base64="0C+dbJaj1Wmlk34grUjotrwejs4=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7NqYRAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrU6TyIex8Bl/CyaXQxB8GPv7/HOac48ecKe04X1ZmZXVtfSO7mdva3tndy+8f1FWUSIo1GvFINn2ikDOBNc00x2YskYQ+x4Y/uJ7kjXuUikXiVg9j9ELSEyxglGhjVS87+YJTdKayl8GdQ+HqY1z9fjgeVzr5z3Y3okmIQlNOlGq5Tqy9lEjNKMdRrp0ojAkdkB62DAoSovLS6aAj+9Q4XTuIpHlC21P3d0dKQqWGoW8qQ6L7ajGbmP9lrUQHJS9lIk40Cjr7KEi4rSN7srXdZRKp5kMDhEpmZrVpn0hCtblNzhzBXVx5GernRddw1SmUSzBTFo7gBM7AhQsoww1UoAYUEB7hGV6sO+vJerXeZqUZa95zCH9kvf8AURWQ/w==</latexit><latexit sha1_base64="JJMX0h7my4EvW92N0eCZQWGx1lc=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7G9MEAjaWCZgPSI6wt5lL1uztHbt7QjjyC2wsFLH1J9n5b9wkV2jiCwsP78ywM2+QCK6N6347ha3tnd294n7p4PDo+KR8etbRcaoYtlksYtULqEbBJbYNNwJ7iUIaBQK7wfRuUe8+odI8lg9mlqAf0bHkIWfUWKtVH5YrbtVdimyCl0MFcjWH5a/BKGZphNIwQbXue25i/Iwqw5nAeWmQakwom9Ix9i1KGqH2s+Wic3JlnREJY2WfNGTp/p7IaKT1LApsZ0TNRK/XFuZ/tX5qwpqfcZmkBiVbfRSmgpiYLK4mI66QGTGzQJnidlfCJlRRZmw2JRuCt37yJnRuqp7llltp1PI4inABl3ANHtxCA+6hCW1ggPAMr/DmPDovzrvzsWotOPnMOfyR8/kDiI2Msw==</latexit> +
<latexit sha1_base64="L9nAk7JPKqnSf33J/GdF6qRWi58=">AAAB6HicbZBLSgNBEIZr4ivGV9Slm8YgCEKYcWOWATcuEzAPSIbQ06lJ2vT0DN09QhhyAjcuFHHrETyBZ3DnQdzbeSw08YeGj7+q6Ko/SATXxnW/nNza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0Pa237lFpHstbM07Qj+hA8pAzaqxVv+gVS27ZnYmsgreAUhW+3z8AoNYrfnb7MUsjlIYJqnXHcxPjZ1QZzgROCt1UY0LZiA6wY1HSCLWfzRadkDPr9EkYK/ukITP390RGI63HUWA7I2qGerk2Nf+rdVITVvyMyyQ1KNn8ozAVxMRkejXpc4XMiLEFyhS3uxI2pIoyY7Mp2BC85ZNXoXlZ9izXbRoVmCsPJ3AK5+DBFVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmGP3LefgABhY9I</latexit><latexit sha1_base64="KN7pBNxGoSm3nKW7/QfNaCt2Ry8=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQBCHs2pgyYCPYJGAukIQwOzmbjJmdXWZmhbDkCWwsFLH1EXwUSeOD2Du5FJr4w8DHf85hzvn9WHBtXPfLyaytb2xuZbdzO7t7+wf5w6O6jhLFsMYiEammTzUKLrFmuBHYjBXS0BfY8IfX03rjAZXmkbwzoxg7Ie1LHnBGjbWqF918wS26M5FV8BZQKMP3x2SSua1085/tXsSSEKVhgmrd8tzYdFKqDGcCx7l2ojGmbEj72LIoaYi6k84WHZMz6/RIECn7pCEz9/dESkOtR6FvO0NqBnq5NjX/q7USE5Q6KZdxYlCy+UdBIoiJyPRq0uMKmREjC5QpbnclbEAVZcZmk7MheMsnr0L9suhZrto0SjBXFk7gFM7Bgysoww1UoAYMEB7hGV6ce+fJeXXe5q0ZZzFzDH/kvP8AnxOQfQ==</latexit><latexit sha1_base64="KN7pBNxGoSm3nKW7/QfNaCt2Ry8=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQBCHs2pgyYCPYJGAukIQwOzmbjJmdXWZmhbDkCWwsFLH1EXwUSeOD2Du5FJr4w8DHf85hzvn9WHBtXPfLyaytb2xuZbdzO7t7+wf5w6O6jhLFsMYiEammTzUKLrFmuBHYjBXS0BfY8IfX03rjAZXmkbwzoxg7Ie1LHnBGjbWqF918wS26M5FV8BZQKMP3x2SSua1085/tXsSSEKVhgmrd8tzYdFKqDGcCx7l2ojGmbEj72LIoaYi6k84WHZMz6/RIECn7pCEz9/dESkOtR6FvO0NqBnq5NjX/q7USE5Q6KZdxYlCy+UdBIoiJyPRq0uMKmREjC5QpbnclbEAVZcZmk7MheMsnr0L9suhZrto0SjBXFk7gFM7Bgysoww1UoAYMEB7hGV6ce+fJeXXe5q0ZZzFzDH/kvP8AnxOQfQ==</latexit><latexit sha1_base64="wv9RQE9RlrU+NiqBJV0J/l0kIUs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSeGmPBS8eW7Af0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLW9s7tX3C8dHB4dn5RPzzo6ThXDNotFrHoB1Si4xLbhRmAvUUijQGA3mN4t6t0nVJrH8sHMEvQjOpY85Iwaa7VuhuWKW3WXIpvg5VCBXM1h+WswilkaoTRMUK37npsYP6PKcCZwXhqkGhPKpnSMfYuSRqj9bLnonFxZZ0TCWNknDVm6vycyGmk9iwLbGVEz0eu1hflfrZ+asO5nXCapQclWH4WpICYmi6vJiCtkRswsUKa43ZWwCVWUGZtNyYbgrZ+8CZ3bqme55VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9yPn8AbUWMoQ==</latexit>

w ⇡ w̃ = wref + g(ŵ),
<latexit sha1_base64="l+2msiPeDjl9JcvXfaBGG9BgM08="></latexit><latexit sha1_base64="l+2msiPeDjl9JcvXfaBGG9BgM08="></latexit><latexit sha1_base64="l+2msiPeDjl9JcvXfaBGG9BgM08="></latexit><latexit sha1_base64="l+2msiPeDjl9JcvXfaBGG9BgM08="></latexit>

ŵ 2 Rns ,
<latexit sha1_base64="SfU/0g1QAbOShdvXjSabAId+PVg="></latexit><latexit sha1_base64="SfU/0g1QAbOShdvXjSabAId+PVg="></latexit><latexit sha1_base64="SfU/0g1QAbOShdvXjSabAId+PVg="></latexit><latexit sha1_base64="SfU/0g1QAbOShdvXjSabAId+PVg="></latexit>

g( )
<latexit sha1_base64="VmPHJO4fuBCNvnTeGjUPcoT3KEY=">AAACIHicbVDLSsNAFJ34rPEVdekmWITqoiTdtMuCG5cV7AOaUiaTm3ToZBJnJkIJ/RQ3/oobF4roTr/GaZtFbb0wzOGcc7n3Hj9lVCrH+TY2Nre2d3ZLe+b+weHRsXVy2pFJJgi0ScIS0fOxBEY5tBVVDHqpABz7DLr++Gamdx9BSJrwezVJYRDjiNOQEqw0NbTqng8R5Tk8ZHPmemp6fsICOYn1l0fTiqeV4Mr0gAdLrqFVdqrOvOx14BagjIpqDa0vL0hIFgNXhGEp+66TqkGOhaKEgZ6aSUgxGeMI+hpyHIMc5PMDp/alZgI7TIR+XNlzdrkjx7GcbaydMVYjuarNyP+0fqbCxiCnPM0UcLIYFGbMVok9S8sOqACi2EQDTATVu9pkhAUmSmdq6hDc1ZPXQadWdTW+q5WbjSKOEjpHF6iCXFRHTXSLWqiNCHpCL+gNvRvPxqvxYXwurBtG0XOG/pTx8wstq6Qn</latexit><latexit sha1_base64="VmPHJO4fuBCNvnTeGjUPcoT3KEY=">AAACIHicbVDLSsNAFJ34rPEVdekmWITqoiTdtMuCG5cV7AOaUiaTm3ToZBJnJkIJ/RQ3/oobF4roTr/GaZtFbb0wzOGcc7n3Hj9lVCrH+TY2Nre2d3ZLe+b+weHRsXVy2pFJJgi0ScIS0fOxBEY5tBVVDHqpABz7DLr++Gamdx9BSJrwezVJYRDjiNOQEqw0NbTqng8R5Tk8ZHPmemp6fsICOYn1l0fTiqeV4Mr0gAdLrqFVdqrOvOx14BagjIpqDa0vL0hIFgNXhGEp+66TqkGOhaKEgZ6aSUgxGeMI+hpyHIMc5PMDp/alZgI7TIR+XNlzdrkjx7GcbaydMVYjuarNyP+0fqbCxiCnPM0UcLIYFGbMVok9S8sOqACi2EQDTATVu9pkhAUmSmdq6hDc1ZPXQadWdTW+q5WbjSKOEjpHF6iCXFRHTXSLWqiNCHpCL+gNvRvPxqvxYXwurBtG0XOG/pTx8wstq6Qn</latexit><latexit sha1_base64="VmPHJO4fuBCNvnTeGjUPcoT3KEY=">AAACIHicbVDLSsNAFJ34rPEVdekmWITqoiTdtMuCG5cV7AOaUiaTm3ToZBJnJkIJ/RQ3/oobF4roTr/GaZtFbb0wzOGcc7n3Hj9lVCrH+TY2Nre2d3ZLe+b+weHRsXVy2pFJJgi0ScIS0fOxBEY5tBVVDHqpABz7DLr++Gamdx9BSJrwezVJYRDjiNOQEqw0NbTqng8R5Tk8ZHPmemp6fsICOYn1l0fTiqeV4Mr0gAdLrqFVdqrOvOx14BagjIpqDa0vL0hIFgNXhGEp+66TqkGOhaKEgZ6aSUgxGeMI+hpyHIMc5PMDp/alZgI7TIR+XNlzdrkjx7GcbaydMVYjuarNyP+0fqbCxiCnPM0UcLIYFGbMVok9S8sOqACi2EQDTATVu9pkhAUmSmdq6hDc1ZPXQadWdTW+q5WbjSKOEjpHF6iCXFRHTXSLWqiNCHpCL+gNvRvPxqvxYXwurBtG0XOG/pTx8wstq6Qn</latexit><latexit sha1_base64="VmPHJO4fuBCNvnTeGjUPcoT3KEY=">AAACIHicbVDLSsNAFJ34rPEVdekmWITqoiTdtMuCG5cV7AOaUiaTm3ToZBJnJkIJ/RQ3/oobF4roTr/GaZtFbb0wzOGcc7n3Hj9lVCrH+TY2Nre2d3ZLe+b+weHRsXVy2pFJJgi0ScIS0fOxBEY5tBVVDHqpABz7DLr++Gamdx9BSJrwezVJYRDjiNOQEqw0NbTqng8R5Tk8ZHPmemp6fsICOYn1l0fTiqeV4Mr0gAdLrqFVdqrOvOx14BagjIpqDa0vL0hIFgNXhGEp+66TqkGOhaKEgZ6aSUgxGeMI+hpyHIMc5PMDp/alZgI7TIR+XNlzdrkjx7GcbaydMVYjuarNyP+0fqbCxiCnPM0UcLIYFGbMVok9S8sOqACi2EQDTATVu9pkhAUmSmdq6hDc1ZPXQadWdTW+q5WbjSKOEjpHF6iCXFRHTXSLWqiNCHpCL+gNvRvPxqvxYXwurBtG0XOG/pTx8wstq6Qn</latexit>

g : Rns ! RNs
<latexit sha1_base64="0cUZTTkwjNIBZ74puleFXBgxucI="></latexit><latexit sha1_base64="0cUZTTkwjNIBZ74puleFXBgxucI="></latexit><latexit sha1_base64="0cUZTTkwjNIBZ74puleFXBgxucI="></latexit><latexit sha1_base64="0cUZTTkwjNIBZ74puleFXBgxucI="></latexit>

Jg(ŵ)
dŵ

dt
= f(wref + g(ŵ), t;µ)

<latexit sha1_base64="ftPNcXYNK+eVu8nj3NBgpo9b04k="></latexit>

encoder decoder

Choi, efficient NM-ROM

Hyper-reduction
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Shallow vs. deep NN in the perspective of hyper-reduction 

• A shallow neural network can provide sparser structure than a deep one in a subnet
• A sparse network is a key for successful NM-ROM hyper-reduction!

Choi, efficient NM-ROM

*Kim, Choi, Widemann, and Zohdi, ”A fast and accurate physics-informed neural network reduced order model with shallow masked autoencoder." arXiv
preprint, arXiv:2009.11990, 2020.
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*Kim, Choi, Widemann, and Zohdi, ”A fast and accurate physics-informed neural network reduced order model with shallow masked autoencoder." arXiv preprint, 
arXiv:2009.11990, 2020.

method NM-ROM LS-ROM BB

max. rel. error (%) 0.93 34.4 38.6

speed-up 11.6 26.8 119

DeepFluid, uLS-ROM, uFOM, u NM-ROM, u

@u

dt
+ u

@u

@x
+ v

@u

@y
= ⌫

✓
@2u

@x2
+

@2u

@y2

◆

<latexit sha1_base64="+/BSmQfJ7k7BgGtrIAHtXjvgMw0="></latexit>

@v

dt
+ u

@v

@x
+ v

@v

@y
= ⌫

✓
@2v

@x2
+

@2v

@y2

◆

<latexit sha1_base64="NOOo2o2GiiTQfs5RKQ6lfJHpruY="></latexit>

Re = 1/⌫ = 10, 000

<latexit sha1_base64="mIrckT+F3oMnXaOpY+GHeW8njkQ=">AAAB/HicbVDLSgMxFM3UV1tfo90IboJFcCE1I4J1IRTduKxiH9AOJZOmbWgmMyQZYRwq/okbF4q4ceGHuBP8GDNtF1o9cLmHc+4lN8cLOVMaoU8rMze/sLiUzeWXV1bX1u2NzboKIklojQQ8kE0PK8qZoDXNNKfNUFLse5w2vOF56jduqFQsENc6Dqnr475gPUawNlLHLlxReAqdg7aI0o72EUIdu4hKaAz4lzhTUqxs3X7l7t/Oqh37o90NSORToQnHSrUcFGo3wVIzwuko344UDTEZ4j5tGSqwT5WbjI8fwV2jdGEvkKaEhmP150aCfaVi3zOTPtYDNeul4n9eK9K9spswEUaaCjJ5qBdxqAOYJgG7TFKieWwIJpKZWyEZYImJNnnlTQjO7Jf/kvphyTkqnVyaNMpggizYBjtgDzjgGFTABaiCGiAgBg/gCTxbd9aj9WK9TkYz1nSnAH7Bev8GZKyU/w==</latexit>

Result: 2D viscous Burgers equation (advection-dominated)*

Choi, efficient NM-ROM
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Summary NM-ROM

Machine learning Finite element, volume, 
difference methods

the existing numerical discretization
solution dimension reduction

• Nonlinear manifold solution 
representation • Traditional solution process

Future work
• NM-ROM for large-scale problems
• NM-ROM for mission critical 

problems, such as instability to 
turbulence, thermal radiative transfer, 
and shape charge simulations.  

Rayleigh–Taylor instability [courtesy: Rob Rieben]

Choi, efficient NM-ROM
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Questions?    Email  choi15@llnl.gov

encoder decoder

Choi, efficient NM-ROM

mailto:choi15@llnl.gov
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